Abstract. In the present paper we study some geometric objects and constructions related to groupoids of matrix subalgebras in a fixed matrix algebra.
The definition of groupoids
In this paper we will freely use the notation from [3] . First recall some definitions and constructions [3] .
1.1. Groupoids Gk, l . Let M kl (C) be the complex matrix algebra. Unital * -subalgebras isomorphic M k (C) in some unital * -algebra A (in fact we deal with the case A = M kl (C)) will be called k-subalgebras.
Define the following category C k, l . Its objects Ob(C k, l ) are k-subalgebras in the fixed M kl (C), i.e. actually points of the matrix grassmannian Gr k, l .
For two objects M k, α , M k, β ∈ Ob(C k, l ) the set of morphisms Mor C k, l (M k, α , M k, β ) is just the space Hom alg (M k, α , M k, β ) of all unital * -homomorphisms of matrix algebras (i.e. actually isometric isomorphisms).
Remark 1. Note that we do not fix an extension of such a homomorphism to an automorphism of the whole algebra M kl (C), so it is not the action groupoid corresponding to the action of PU(kl) on Ob(C k, l ).
It is interesting to note that if Gk, l would be an action groupoid for some topological group H acting on G 0 k, l , then H ≃ Fr k, l (see [3] ). This result follows from the homotopy equivalence BG k, l ≃ BPU(k) (see [3] ) and the fact that for action groupoid G := X ⋊ H corresponding to an action of H on X the classifying space B G is homotopy equivalent to X× H EH [1] .
Clearly, Gk, l is a topological groupoid (in fact, even a Lie groupoid). As a topological space it can be represented as follows. Applying fiberwisely the functor Hom alg (. . . , M kl (C)) (see [3] ) to the tautological M k (C)-bundle A k, l → Gr k, l [3] we obtain the space H k, l (A k, l ) which is exactly Gk, l .
Being a groupoid, Gk, l has canonical morphisms: source and target s, t : Gk,
Let us describe first two of them in terms of topological spaces Gr k, l ∼ G 0 k, l and H k, l (A k, l ) ∼ Gk, l . The source morphism s : H k, l (A k, l ) → Gr k, l is just the bundle projection (recall that H k, l (A k, l ) is obtained from the bundle A k, l → Gr k, l by the fiberwise application of the functor Hom alg (. . . , M kl (C))). The target morphism t :
) and we identify the k-subalgebra h((A k, l ) α ) with the corresponding point in Gr k, l . There are also analogous descriptions of maps e :
Note that there are bifunctors C k, l × C m, n → C km, ln induced by the tensor product of matrix algebras and therefore the corresponding morphisms of topological groupoids (2) Gk, l × Gm, n → Gkm, ln .
They cover the maps Gr k, l × Gr m, n → Gr km, ln [5] .
Remark 2. Note that one can define an "SU"-analog of the groupoid Gk, l replacing PU(k) by SU(k). This is a k-fold covering of Gk, l .
Note that for any α ∈ Ob(C k, l ) we have the (full) subcategory with one object α. The corresponding groupoid morphism PU(k) → Gk, l is a Morita morphism, i.e. the diagram
is a Cartesian square. Note that Gk, l can be regarded as an extension
of the pair groupoid Gr k, l × Gr k, l by PU(k), whereπ = (s, t). Lets,t : Gr k, l × Gr k, l → Gr k, l be the source and the target maps for the pair groupoid Gr k, l × Gr k, l (i.e. actually the projections onto the first and the second factors). Let A k, l → Gr k, l be the tautological M k (C)-bundle over Gr k, l (see [3] ). We have two
(which is the identity map for the pair groupoid) we have the PU(k)-bundle Aut(A k, l ) → Gr k, l . This bundle is a PU(k)-bundle associated with the principal PU(k)-bundle Fr k, l → Gr k, l with respect to the action of PU(k) on itself by inner automorphisms.
Let Gk, l be the set of all morphisms in C k, l . Clearly, it is again a topological (even a Lie) groupoid. As a topological space it can also be described as the total space of some PU(k)×PU(l)-bundle over Gr k, l × Gr k, l (the projection is given by (s, t) : Gk, l → Gr k, l × Gr k, l ). Moreover, since every pair (λ, µ) as above gives rise to the unique * -automorphism of M kl (C), we see that s, t : Gk, l → Gr k, l are both trivial bundles with fiber PU(kl).
We also have the map ϑ : Gk, l → PU(kl), (λ, µ) → ϑ(λ, µ), where ϑ(λ, µ) : M kl (C) → M kl (C) is the unique automorphism induced by (λ, µ).
Remark 3. In fact, Gk, l is an action groupoid Gr k, l ⋊ PU(kl) related to the action of PU(kl) on Gr k, l .
We have the natural groupoid morphism π : Gk, l → Gk, l , (λ, µ) → λ. The fiber of π is clearly PU(l). Thus, we have the groupoid extension
2.
A groupoid action on some bundles
a bundle map which is a unital * -algebra homomorphism on each fiber [3] . So every fiber (A k ) x , x ∈ X can be identified with the corresponding k-subalgebra µ
) be another triple of such a kind. Assume that the bundles A k and A ′ k are isomorphic and choose some * -isomorphism ϑ :
Note that embeddings µ, µ ′ define the corresponding maps to the matrix Grassmannian f µ , f µ ′ : X → Gr k, l and, moreover ϑ, µ and µ ′ define the map ν : X → Gk, l such that
, and an isomorphism ϑ :
′ , X ×M kl (C)) or just a partial automorphism of the trivial bundle X × M kl (C). Partial isomorphisms that can be lifted to "genuine" automorphisms of the trivial bundle X × M kl (C) (i.e. to genuine bundle maps ϑ :
commutes) are just called isomorphisms.
Remark 4. An extension of a partial isomorphism ν : X → Gk, l to a genuine isomorphism is equivalent to the choice of a lift ν : X → Gk, l of ν in (5) (to show this one can use the map ϑ : Gk, l → PU(kl) introduced in Subsection 1.2). Now we claim that there are partial isomorphisms that are not isomorphisms. To show this, take X = Fr k, l . The map ν : Fr k, l → Gk, l is defined as follows. Fix α ∈ Gr k, l and consider all * -isomorphisms from M k, α ⊂ M kl (C) to M k, β ⊂ M kl (C), where β runs over all k-subalgebras in M kl (C). Clearly, this defines a subspace in Gk, l homeomorphic to Fr k, l . In our case
, but µ and µ ′ are different. In order to show this, define the M l (C)-bundle B k, l → Gr k, l as the centralizer of the tautological subbundle A k, l ֒→ Gr k, l ×M kl (C) (for more details see e.g. [4] ). Clearly, f µ : Fr k, l → Gr k, l is the map to the point α ∈ Gr k, l , while f µ ′ : Fr k, l → Gr k, l is (the projection of) the principal PU(k)-bundle PU(k) → Fr k, l → Gr k, l . Clearly, both bundles
as we have already asserted (note that
is nontrivial (because it is associated with the principal bundle PU(l) → PU(kl) → Fr k, l ). This shows that for chosen ν : Fr k, l → Gk, l ϑ can not be extended to an automorphism of Fr k, l ×M kl (C) (because such an automorphism induces an isomorphism not only between the subbundles A k , A ′ k , but also between their centralizers).
In particular, we see that the analog of Noether-Skolem's theorem is not true for matrix algebras Γ(X, X × M kl (C)) = M kl (C(X)) over C(X).
2.2.
An action on fibers of a forgetful functor. Consider the forgetful functor given by the assignment (A k , µ, X × M kl (C)) → A k corresponding to the map of the representing spaces Gr k, l → BPU(k) (whose homotopy fiber is Fr k, l ). We claim that our previous construction can be regarded as an action of the groupoid on its fibres.
First, recall some results from [3] , Subsection 2.3 (in slightly different notation). Let A univ k → BPU(k) be the universal M k (C)-bundle. Applying fiberwisely the functor Hom alg (. . . , M kl (C)) to it we obtain the fibration (6)
, where x ∈ BPU(k) and h ∈ p −1 k, l (x) which is a fibration with contractible fibres, i.e. a homotopy equivalence.
Moreover, there is the free and proper action
which turns the fibration (6) into the universal principal groupoid Gk, l -bundle. We also have shown that for a mapf : X → BPU(k) the choice of its lift f : X → Hk, l (A univ k ) (if it exists) is equivalent to the choice of an embedding µ :f
So such a lift we denote by f µ .
.e. it corresponds to another (homotopy nonequivalent in general) embedding
Clearly, this action is transitive on homotopy classes of such embeddings.
2.
3. An action on Fredholm operators. The previous construction provides us with some action of the groupoid Gk, l on the K-theory. More precisely, let H be a separable Hilbert space.
Recall that the space of Fredholm operators Fred(H) can be regarded as a representing space for the complex K-theory. Recall also that the group PU(k) acts naturally on M k (B(H)) ∼ = B(H) by conjugations and hence on Fred(H), and the corresponding action on the K-theory is just the tensor product with line bundles L (of order k) [2] . We can suggest an analogous construction with the groupoid Gk, l in place of PU(k) and ldimensional bundles L (of order k) with the structure group SU(l) in place of line bundles.
First note that an embedding µ :
. Note also that B l (µ) = End(ξ l (µ)) for some C l -bundle ξ l (µ) with the structure group SU(l) ((k, l) = 1 !) which is unique up to isomorphism. Consider the embedding X × M k (B(H)) → X × M kl (B(H)) induced by the above µ and the corresponding embedding of bundles of Fredholm operators X × Fred(M k (B(H))) → X × Fred(M kl (B(H))). If we identify K(X) with the set of homotopy classes of sections of the trivial bundles X × Fred(M k (B(H))), X × Fred(M kl (B(H)) then this map corresponds to the tensor product of elements of K(X) by ξ l (µ). Now consider two triples (
) and a partial isomorphism ν : X → Gk, l (see Subsection 2.1) between them. Clearly, it defines an additive homomorphism from K(X) tensored by ξ l (µ) to K(X) tensored by ξ l (µ ′ ).
3. Groupoid cocycles and related bundles 3.1. Groupoid Gk, l -cocycles. Let X be a compact manifold, U := {U α } α∈A its open covering.
Definition 5.
A groupoid Gk, l 1-cocycle {g αβ } α, β∈A is a collection of continuous maps g αβ : U α ∩ U β → Gk, l such that 1) g αβ and g βγ are composable on
, where s and t are the source and target maps for Gk, l ; 2) g αβ g βγ = g αγ on U α ∩ U β ∩ U γ (in particular, g αα ∈ e, g βα = i(g αβ ), where e and i are the identity and the inversion for the groupoid Gk, l , see Subsection 1.1).
In the same way one can define a groupoid Gk, l 1-cocycle { g αβ } α, β∈A .
satisfying the cocycle conditions on triple intersections. The idea is to regard the map f α : U α → Gr k, l (corresponding to the "identity" g αα ) as a local trivialization and ν αβ : U α ∩ U β → Gk, l for α = β as a gluing of different trivializations over the double intersection U α ∩ U β . Thus, we have maps
Remark 6. Note that a map f : X → Gr k, l (a "trivialization") can be regarded as the product bundle X × M kl (C) together with a chosen decomposition into the tensor product A k ⊗ B l of its M k (C) and M l (C)-subbundles A k → X and B l → X respectively.
Remark 7. Note that using a cocycle { g αβ } α, β∈A as above one can glue some M k (C) and M l (C)-bundles A k , B l over X. It relates to the existence of a homotopy equivalence B Gk, l ≃ BPU(k) × BPU(l) (cf. Remarks 1 and 3).
3.2.
Groupoid Gk, l -cocycles. Now consider groupoid "bundles" defined by groupoid Gk, l 1-cocycles.
Remark 8. Note that a trivial bundle over X of our kind with a trivialization is a triple (A k , µ, X × M kl (C)), where µ : A k → X × M kl (C) is a fiberwise embedding as above. Indeed, such a bundle can be defined by the identity groupoid Gk, l 1-cocycle as follows. Recall (see Subsection 2.1) that µ gives rise to the map f µ : X → Gr k, l . Two such maps f µ , f µ ′ = f µ give rise to the identity partial isomorphism (ibid.) ν : X → Gk, l , ν| x = id µ((A k )x) which is the trivial groupoid Gk, l 1-cocycle.
In particular, we see that embeddings µ (or equivalently maps f µ ) can be regarded as trivializations of groupoid "bundles" (for further justifications see [3] , Subsection 2.3). Two such trivializations (different or not) f µ , f µ ′ are related by the map ν : X → Gk, l such that s • ν = f µ , t • ν = f µ ′
